We study two particles colliding in a d-dimensional finite volume and generalize Lüscher's formula to arbitrary d spatial dimensions. We obtain the s-and p-wave approximations of the generalized Lüscher's formula. For resonant s-or p-wave interactions, we analytically determine the energies of the low-lying states at large box size L. At s-wave resonance, we discover two low-lying states with nearly opposite energies, which are proportional to
Introduction.-Many important simulations of the physical systems, such as atomic nuclei, hadrons, and cold atoms, are performed in a finite volume, usually a box with periodic boundary condition. The relation between the two-body energy spectrum in the finite volume and the scattering phase shifts is described by Lüscher's formula [1] [2] [3] . It serves as a standard approach to determining the scattering observables in the finite-volume simulations, including lattice quantum chromodynamics for nuclear systems [4] , lattice Monte Carlo for cold atoms [5] [6] [7] [8] [9] and cold dilute neutron matter [10] , etc.
The original Lüscher's formula is specifically derived for two colliding particles in a 3-dimensional (3D) finite volume with cubic symmetry [1] [2] [3] . People have obtained the generalizations of Lüscher's formula in many different scenarios [11] . In addition to 3D, Lüscher's formula has also been derived in 2D [12] and 1D [13] . Beane obtained the s-wave approximation of Lüscher's formula for various d [14] . The formula that Beane obtained is valid if d ≤ 3, but is not convergent if d ≥ 4 because of the way the lattice sum was regularized.
Although attempts have been made , it is challenging to study a genuine three-body problem in the finite volume and extend Lüscher's formula to the threebody systems in a succinct manner. Kreuzer and Hammer numerically investigated the modification of Efimov spectrum [36, 37] below the three-body threshold [25] . Later, the energy shift of the three-body bound states was analytically calculated [29, 30] . Recently, Guo and Gasparian suggested that a multiple-body problem could be mapped to a two-body problem in a higher dimension [20] . Then, the generalization of Lüscher's formula in higher dimensions would provide important insights into the three-body problems in a 2-or higher-dimensional finite volume.
In this Letter, we study two particles colliding in a dD finite volume (a box with side length L and periodic boundary condition) and generalize Lüscher's formula to arbitrary dD in the framework of nonrelativistic quantum mechanics. First, we introduce the pseudo wave function, and formulate the problem in the momentum space, where the form of the pseudo wave function remains the same for all spatial dimensions. The Fourier transform back to the real space leads to a natural regularization of the lattice sum. Then, we obtain the dD Lüscher's formula and its s-and p-wave approximations. The generalized Lüscher's formula would greatly help the finite-volume simulations of high-dimensional objects in various fields such as string theory.
In addition, for resonant interactions, we analytically calculate the energies of the low-lying states at large box size L. At an s-wave resonance, we discover two lowlying states with nearly opposite energies, whose leading order terms are proportional to
This suggests the existence of two near-threshold states for three bosons at a threebody resonance in a 3D or 2D finite volume, with energies proportional to 1/L 3 or 1/L 2 √ ln L, respectively. The three bosons could be the Efimov trimer [36, 37] at the three-body threshold.
Pseudo wave function.-We consider two particles with short-range interaction in a dD space. We assume that their interaction is rotationally invariant and vanishes when their distance r exceeds the range of interaction r e . We take the analytically known wave function at r > r e and its analytic continuation to r < r e as the pseudo wave function:
Here p is the wave number defined such that the energy E = 2 p 2 /m, with m the mass of each particle and 2π the Planck constant. l = 0, 1, 2, · · · is the orbital angular momentum. δ l as a function of p is the l-wave phase shift in d dimensions [38] . Y lµ (r) denotes the hyperspherical harmonic, normalized as Y C lµ are some coefficients. Also, we have defined
where J l (x) and Y l (x) are the Bessel functions of the first and second kind, respectively. In the following discussions, we use units such that m = = 1.
All the information about the short-range interaction is encapsulated in the phase shifts δ l . At low energies, the phase shifts obey the effective range expansion [38] ,
(2) Here the parameter τ d = 1 or 0 when d is even or odd, respectively. a dl is the l-wave scattering length with dimension [length] 2l+d−2 , r dl the l-wave effective range with dimension [length] −2l−d+4 , and R dl some length scale. For l = 0, 1, 2, · · · , "l-wave" means s-wave, p-wave, d-wave, ..., respectively. Then, the short-range interaction is conveniently described by only a few parameters, such as a dl , r dl , and R dl . When the scattering length a d,0 → ±∞ or a d,1 → ±∞, we say the system is at an s-or p-wave resonance, respectively.
In the infinite space, ψ(r) satisfies the Schrödinger equation with the actual short-range potential replaced by a pseudo potential [40] [41] [42] [43] [44] [45] , or equivalently the Helmholtz equation with a source of the delta function and its derivatives,
where Q lµ (r) = r l Y lµ (r) is the l-degree harmonic polynomial, and C lµ ≡ C lµ
Due to the source, the solution is singular at the origin. Note that any solution plus a smooth solution to the homogeneous equation still solves the above equation. The actual solution is uniquely fixed by the "boundary condition" with the correct phase shifts in Eq. (1). Now consider two particles colliding in a dD finite volume. We focus on their relative motion, assuming that their total momentum is zero. The wave function satisfies ψ(r) = ψ(r + nL) for all dD integral vector n ∈ Z d . Compared to Eq. (3), the periodic pseudo wave function satisfies the Helmholtz equation with a periodic source
It is convenient to formulate this problem in the momentum space. We find the solution of Eq. (4) in the form of a regularized Fourier transform
where
The regularization factor e −ǫk 2 makes the integral well-defined and naturally provides a regularization of the lattice sum after integration. Here we have assumed that the wave number does not take the singular values, namely, p = 2πn/L for any n ∈ Z d . The case of the singular values can be addressed using similar techniques as in Ref. [3] .
Quantization condition.-If r < L, the pseudo wave function ψ(r) has a convergent partial wave expansion as in Eq. (1). We project ψ(r) to the partial wave channels, and by equating it with the partial wave expansion in Eq. (1), we find
The symbol P means taking the principal value [46] , the symbol * denotes the complex conjugate, and the dimensionless parameter q ≡ pL/2π. θ(x) is the Heaviside step function. θ(x) = 1 if x > 0, and θ(x) = 0 if x < 0. When the energy p 2 < 0, we assume p = iκ with κ > 0. Here we have included the factor exp(ǫq 2 ) in the right hand side of Eq. (8) so that it converges exponentially fast with error O[exp(−π 2 /ǫ)], according to the Poisson summation formula.
Let ℓ ≡ (lµ) be a collective index. In order for Eq. (7) to have a nontrivial solution for the coefficients {C l ′ µ ′ }, we obtain the following quantization condition:
where M is an infinite-dimensional matrix with matrix elements
, and δ ℓ ≡ δ l . Equations (9) and (10) are the generalization of Lüscher's formula [3] to arbitrary spatial dimensions. s-wave approximation.-We consider two particles colliding in the finite volume. The lowest possible partial wave channel is the s-wave (l = 0). We neglect all the other channels, assuming C lµ = 0 for l ≥ 1 in Eq. (7). Then, M simply reduces to a scalar, and the quantization condition becomes
where Γ(x) is the gamma function and
Here we have used Q 0,0 (n) =
. A similar formula with a different regularization was derived by Beane [14] , but it is not convergent if d ≥ 4 [14] . If d ≤ 3, Eq. (11) agrees with Beane's formula and other previous results [1, 3, 12, 47] .
In Fig. 1 we plot the functions
is singular when x is equal to the norm square of an integral vector in Z d . We see from Eq. (12) that the singularities are simple poles when x > 0. For d = 1, we find an analytical expression
. When x is large and negative, S d (x) is exponentially small and has the following asymptotic expansion
where ξ → +∞. If the two particles have a bound state in infinite space, when they are placed in the large finite volume, q 2 corresponding to the bound state is large and negative, and is of order L 2 . The correction to the bound state energy is exponentially small, of order
This small correction was previously derived for the 3D two-body systems [1, 47] . For three-body systems, the exponentially small correction to the binding energy in the finite volume was also studied [29, 30] .
The energy eigenvalues of the noninteracting particles in a finite volume are simply E n = (2πn/L) 2 with n ∈ Z d . For off-resonant interactions, the energy eigenvalues are slightly modified by higher-order terms in powers of 1/L. For the low-lying state with n = 0, the leading order term is E =
) and a 2,0 ≡ R 2,0 exp(−π/2a 2,0 ) is the reduced scattering length in 2D.
It is particularly interesting to investigate the system with resonant interactions. We focus on the s-wave resonance (a d,0 → ±∞) in d ≥ 4 dimensions. In the infinite space, there is an s-wave bound state with vanishing energy. The corresponding wave function behaves like 1/r d−2 at r > r e . Naively, one might expect that the correction to the energy due to the finite volume is proportional to 1/L d−2 , since the periodic boundary condition mainly affects the wave function at r ∼ L. However, quite counterintuitively, we discovered two lowlying states with nearly opposite energies. We derived their energies at large L using Eq. (11): 1) for d = 4,
2) for d ≥ 5,
where r 4,0 ≡ R 4,0 exp(πr 4,0 /4) is the reduced effective range. Note that r d,0 < 0 if d ≥ 5 [38] . The parameter α d,1 (with d > 2) is defined as a regularized lattice sum
At small ǫ, this formula has error O(e −π 2 /ǫ ) and therefore is convenient for numerical evaluation [48] . We list two values α 4,1 ≈ −5.54518 and α 6,1 ≈ −3.37968.
To understand why we have two low-lying states, we perform a perturbative analysis of the pseudo wave function in two regions: 1) when r is fixed and L → ∞, and 2) when r and L both go to infinity with the ratio r/L fixed. In Region 1), we solve Eq. (4) (with C lµ = 0 for l ≥ 1) perturbatively at small energies and for resonant s-wave interaction, and find if d = 4,
where γ E ≈ 0.577216 is the Euler constant, and if d ≥ 5,
In Region 2), we solve Eq. (4) (with C lµ = 0 for l ≥ 1) to find
where K l (x) is the modified Bessel function of the second kind and r n ≡ r − nL. This solution works for both p 2 < 0 and p 2 > 0. When p 2 > 0, κ = −ip with p > 0. Assuming |κL| ≪ 1 and using the tail-singularity separation technique [16] , we can calculate the discrete sum in Eq. (17) approximately to find that if d = 4,
and if d ≥ 5,
where ǫ → 0 + and
Then, by matching the two expansions of the wave function in the overlap region r e ≪ r ≪ L, we obtain an equation for the energy:
and
.
Solving Eq. (19), we indeed find two energies and they are consistent with the leading order terms in Eq. (14) . The three-body problem in w dimensions in the centerof-mass frame can be mapped to a one-body problem in 2w dimensions. The interaction between three particles can be expressed as V 2 (r 12 ) + V 2 (r 23 ) + V 2 (r 31 ) + V 3 (r 12 , r 23 , r 31 ), where r ij = r i − r j is the position vector between particles i and j, and V 2 and V 3 are the twobody and three-body potentials, respectively. V 3 has a short range and vanishes when any of the three distances exceeds a certain range. Then, the problem is mapped to 6D (4D) by defining the vector r = r 23 , (r 12 − r 31 )/ √ 3 if the three particles live in 3D (2D). In 2w dimensions, V 2 is mapped to a long-range potential, but V 3 is still mapped to a short-range potential.
For three-body systems with nonzero V 3 and vanishing V 2 , the s-wave scattering length a 6,0 or a 4,0 is equivalent to a numerical constant times the three-body scattering hypervolume, the parameter characterizing the effective three-body interaction [16, 49] . The s-wave resonance in 6D (a 6,0 → ±∞) or 4D (a 4,0 → ±∞) exactly corresponds to the three-body resonance in 3D or 2D, respectively. Then, the results in Eq. (14) are applicable to these threebody systems.
The systems with vanishing V 2 can be experimentally approximated in cold atoms. The two-body s-wave scattering length can be tuned to a zero crossing through Feshbach resonance [50, 51] , and the two-body interaction can then be neglected. However, the three-body interaction is usually off-resonance at the same time. New mechanisms of tuning the three-body interaction independently are needed to study the standalone three-body resonance effects.
For most other cases, the two-body interaction is present at the three-body resonance. For example, when the two-body scattering length is much larger than the range of interaction and is tuned to some critical negative value, an Efimov trimer reaches the three-body resonance, with vanishing binding energy [52] .
For three-body systems at a three-body resonance with a finite two-body scattering length, the three-body physics becomes dominant. The results in Eq. (14) provide a good qualitative description. They suggest that two states exist near the threshold with energies proportional to 1/L 3 or 1/L 2 √ ln L, for three bosons at a three-body resonance in a 3D or 2D finite volume, respectively. The proportionality constants depend on the two-body scattering length and a parameter (the counterpart of r 6,0 or r 4,0 ) from the three-body physics [53] .
p-wave approximation.-According to Eqs. (7) and (8), the even-l and odd-l partial waves are decoupled. Now we focus on the sector of odd l's, namely l = 1, 3, 5, . . . . If we neglect the scattering phase shifts for l = 3, 5, . . . , we only need to consider the p-wave scattering. Using the formula 
Each solution for p 2 corresponds to a d-fold degenerate level.
At a p-wave resonance (a d,1 → ±∞), we find one dfold degenerate low-lying level with energy E as follows.
Here α ln L, for three bosons at a three-body resonance in a 3D or 2D finite volume, respectively.
The volume dependence of the energies can be readily checked and verified by numerical simulations, such as diffusion quantum Monte Carlo. The generalized Lüscher's formula and the analytical results about the low-lying states would greatly help the study of highdimensional systems and three-body systems (such as the Efimov trimers) in finite volume.
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